Key Words| SPRT, Weibull, Integrated circuit reliability, failure rate, burn-in Summary & Conclusion| We propose a sequential probability ratio test based on a two parameter Weibull distribution for IC failure analysis. The shape parameter of the Weibull distribution characterizes the decreasing, constant and the increasing failure rate regions in the bath tub model for ICs. The algorithm detects the operating region of the IC based on the observed failure times. Unlike the xed-length tests, the proposed algorithm due to its sequential nature uses the minimum average number of devices for the test for xed error tolerances in the detection procedure. We nd that the proposed test is on an average 96% more ecient than the xed-length test. Our algorithm is shown to be highly robust to the variations in the model parameters unlike other existing sequential tests. Since the accuracy of the tests and the test length are con icting requirements, we also propose a truncated SPRT which allows a better control of this tradeo . It has both the sequential nature of examining measurements and the xed-length property of guaranteeing that the tolerances be met approximately with a speci ed number of available measurements.
I. Introduction

Acronyms
SPRT sequential probability ratio test IC integrated circuit(s) TSPRT truncated sequential probability ratio test DFR decreasing failure rate CFR constant failure rate IFR increasing failure rate TTT total time on test FSS xed sample size ASN average sample number OC operating characteristic Multimedia and information super highway have led to an explosive growth in the demand for new ICs. This increased demand has also led to a rise in the expectation of IC accuracy and reliability. For the manufacturer, higher reliability along with the need to fabricate di erent types of ICs leads to a signi cant increase in reliability enhancing costs. The failure rate observed for integrated circuits usually passes through three phases: the infant mortality region, the random failure region and the wear out region 6] . The infant mortality region shows a decreasing failure rate with time and is followed by the constant failure rate, random failures region. Continuous degradation of physical structures due to various factors like electro migration, hot carrier injection, oxide wear out and contamination results in the increasing failure rate wear out region. Burn-in is a widely used arti cial aging process that enhances reliability by eliminating die-related infant mortalities. Various methods have been proposed for determining the optimal burning period 10]. After burn-in the proposed test can be used to detect if the devices have reached the CFR in the quickest possible time on an average. Based on the outcome of the test, the parameters used for burn-in period estimation can be adjusted suitably. Similarly, it is mandatory to detect if the ICs are in the wear-out region as early as possible. This allows us to replace them before the reliability of the system is a ected.
Previously the TTT concept has been used for testing whether a random sample belongs to the IFR, CFR or DFR region 7] . But the empirical TTT transform for identifying bathtub failure rates requires a large number of samples for reliable performance. In this paper, we propose a sequential test strategy 14] to determine the region of operation of the ICs in shortest average time (equivalently with the smallest average number of devices). The proposed method can also be used to determine the IC life-time. This insures that the devices have a constant and acceptable low failure rate.
The Weibull, exponentiated Weibull 2], log-normal and constant failure rate distributions are widely used statistical models for IC failures. In this paper, we use the Weibull distribution model since it can be used to model closely the infant mortality region 6]. The choice of the distribution depends on the failure mechanisms that contribute to the overall failure rate. The three regions of the failure rate model can all be modeled by the Weibull distribution function with a suitable choice of k. The variation in the failure rates in the decreasing, constant and increasing failure regions can be t using the power law dependence of the failure rate on time. The value of the shape parameter is less than, equal to and greater than one for DFR, CFR and IFR respectively. The proposed SPRT is used to decide between the two hypotheses, H 0 : k = 1 vs H 1 : k = k 0 (k 0 6 = 1), where k 0 is a constant. H 1 corresponds to the DFR or IFR region depending on whether k < 1 or k > 1, and H 0 denotes CFR. This allows the detection of the change from DFR to CFR as well as the change from CFR to IFR by choosing appropriate values for k 0 . Further, SPRT can be used to adjust the process parameters that a ect infant mortality rate. For example, the stressing due to the application of the silicon nitride mask results in dislocations in the silicon. This e ect varies based on the thickness of the oxide layer. A thicker oxide region reduces the generation of dislocations but it also causes a reduction in active device region 16]. Using SPRT, an optimal oxide thickness can be obtained by varying the process parameters and testing the resultant wafers.
The related work is discussed in the next section. The proposed algorithm and its relative e ciency over currently used xed hour testing 4] are given in Section 3. In Section 4, the performance analysis of the algorithm is described. The proposed test is shown to be 96% more e cient than the xed hour test. The test is also shown to be highly robust to the changes in the model parameters unlike other existing tests 3], 9]. The truncated SPRT strategy is presented in Section 5 and concluding remarks are given in where > 0 and k > 0. If h(t) t is the probability of failure in the time interval t < u < t + t, given that no failure has occurred up to time u = t, then h(t) is de ned as the failure rate. For 0 < k < 1, the failure rate is a decreasing function of time. When k = 1, it remains a constant. When k > 1, the rate increases and reaches its peak at the mode and then decreases again as t increases.
These three ranges of the shape parameter can be used to model the DFR, CFR and IFR of the ICs as shown in Figure 1 .
The scale parameter has the same e ect as when the scale of the abscissa is changed. As decreases the distribution gets pushed towards its beginning point, whereas when increases the distribution gets stretched out. Figure 2 shows the e ects of on the failure rate. When increases, the failure rate decreases because = ?(1 + 1=k) increases, where, ?(p) = R 1 0 w p?1 exp(?w)dw.
The SPRT is a powerful sequential procedure for decision making. One of the principle advantages of the sequential tests is the incorporation of information from past measurements in the decision statistic. This motivates the use of SPRT in reliability and life test estimation 1], 3], 12]. SPRT has been applied to detect the change point in the reliability growth model in 1]. The monotone likelihood ratio for the Gamma distribution is used to detect changes in the reliability of the system. The robustness studies of such a procedure indicate that for even a small variation of the shape parameter the risks in the hypothesis testing are substantial 3]. Hence, it is important to determine the shape parameter before evaluating the reliability hypothesis. Bartholomew 13] and Phatarfod 12] propose a test for the shape parameter of the Gamma distribution. In this paper, the sequential test for a Weibull distribution which closely models the failure rate of the ICs 6] is proposed. In 11], the robustness of exponential test plans to Weibull failure-time distributions for various xed-length and sequential test plans is studied. It is found that the sequential test plans are less robust than xed-length test plans. But it is shown that the proposed algorithm is highly robust to changes in the scale parameter.
The accuracy of change detection and the test length are con icting requirements. For very small desired error probabilities, the SPRT could consume a large number of samples. To overcome this problem, we also propose a truncated SPRT which allows us to control the tradeo between the error probabilities and the time consumed.
III. Sequential Detection Algorithm
In this section, the su cient statistic for the sequential test is derived. The pseudo-code for testing the hypothesis is given. The relative e ciency of the sequential test over the xed length test is also studied.
A. SPRT Strategy
We assume that the time between failures of the devices, say T, is two parameter Weibull distributed. > 0 and k > 0 are the scale and shape parameters of the Weibull distribution. The SPRT is used to develop a procedure for testing the hypothesis H 0 : k = 1 vs H 1 : k = k 0 ; where k 0 6 = 1 (2) The error probabilities associated with the decision process are and .
It is assumed that m items are put to test. When m is su ciently large, the probability of reaching no decision after the m th failure is negligible. Since T 1 ; ; T n are independent, identically distributed random variables, the likelihood ratio is, l n = f(t 1 ; t 2 ; :::; t n jH 1 ) f(t 1 ; t 2 ; :::; t n jH 0 )
duration of the xed time test for given error probabilities is equal to the product of the mean time between failures, and the total number of samples. Therefore, for a given mean time between failures the total time required for the test is directly proportional to the total number of devices tested. Relative e ciency measures the savings in time (or the number of devices) in using SPRT over existing xed time tests.
For a xed sample test, the sample size n is a constant and the test statistic is
The threshold T 1 and n can be computed using equations (11) and (12) . For large n, Z n is nearly Gaussian 
where Z(t) = log(l 1 ) = log f(t; ; k 0 ) f(t; ; 1)
l 1 is the likelihood ratio when n = 1 and L(k) is the operating characteristic function which gives the probability of accepting H 0 when k is the reference shape parameter 14].
Z and Z(t) are used interchangeably for convenience. Figure 6 shows the OC function for various values of k 0 .
We see that the probability of accepting the hypothesis k=1, increases as the actual value of k approaches 1 and decreases as k approaches k 0 . Table I gives the ASN for di erent choices of k 0 . A suitable k 0 can be chosen to attain the required tradeo between ASN and the decision error. For example, from Figure 6 , when k 0 = 0:8 H 0 is accepted with a lower probability than when k 0 = 0:6 and k 0 = 0:4. However, we note from Table I that there is a penalty of higher ASN associated with this lower probability.
B. Risk-Cost Tradeo
The change in ASN with for a xed and k 0 = 0:6 is shown in Figure 7 . We observe an increase in ASN with a decrease in . This implies that on an average more number of samples is required when we try to nd the operating region more precisely. At k=0.8, which is midway between k 0 and 1, there is no bias towards deciding on either hypothesis. Hence, it is observed that the ASN is maximum k k 0 = 0:4 k 0 = 0:6 k 0 = 0:8 at this point. A larger increases the probability of the device with a CFR being marked as one with a DFR. This could result in a wasteful increase of the burn-in time. Similarly when we test the change from CFR to IFR, it would result in the device prematurely being marked as needing replacement.
We also observe a similar trend of increase in ASN as decreases for a given and k 0 = 0:6 ( Figure 8 ). This implies an increase in the device reliability with decrease in . Since we do not wrongly classify a device in its infancy region or the wear out region to be in the CFR. The device reliability increases as the probability of devices being operated prematurely while still in infancy region or being operated after having entered the wear out region decreases. So, it is absolutely necessary to design tests for a very small and to increase the reliability of the test.
C. Robustness
Most of the sequential tests proposed are highly sensitive to variations in the model parameters. It is important for the proposed test to be highly robust to changes in , since it is very rare for the scale factor to be known in practice. From (18) and (21), we note that ASN is independent of . Hence, the algorithm is highly robust to changes in the scale parameter during the testing process.
D. E ciency Analysis Figure 9 shows the relative e ciency of the proposed algorithm. We observe that RE H0 increases as the risk probabilities decrease. This can be interpreted as the bene t of using sequential tests for very accurate change point detection. We also note that when H 1 approaches H 0 i.e (k 0 ! 1), the SPRT outperforms the xed sample size test.
A similar trend can also be found for RE H1 . On the average the proposed is nearly 96% more e cient than the xed size test.
V. Truncated SPRT A classi er using SPRT, may be sometimes unsatisfactory because the average number of ICs that need to be tested may become extremely large if the error probabilities and are chosen to be very small. So, it may become necessary to truncate the sequential process at some n = N if quick decisions are necessary. In TSPRT, we carry out the regular SPRT until either a terminal decision is made or stage N of the process is reached. If no decision is made until stage N, we choose the hypothesis with the largest sequential probability ratio. TSPRT is a compromise between an entirely sequential procedure (like the algorithm proposed in the previous section) and the xed-time decision procedure (like those used for determining burn-in time currently 4]). TSPRT has the desired properties of both the procedures: the sequential property of examining measurements as they accumulate and the xed-sample property of guaranteeing that the tolerances will be met approximately with a speci ed number of available measurements.
Here, we test for the hypotheses by using time-varying decision boundaries. The bounds T 1 and T 2 are given by
where r > 0 and s > 0 are parameters to control the rate of convergence of the test statistic to the boundaries. A and B are same as in (5) and (4) 
We continue sampling if neither (27) or (28) is satis ed and if n 6 = N. If n = N, we choose the hypothesis with the largest sequential probability ratio. Now, we can express E T (njH 1 ) (ASN when H 1 is true using TSPRT) in terms of E(njH 1 ) as, E T (njH 1 ) E(njH 1 )
and the resulting error probability 0 of the TSPRT is
The expressions for E T (njH 0 ) and 0 can be obtained similarly. Due to the convergence of the time-varying boundaries to the same point, the TSPRT requires a less expected number of devices that need to be tested. The amount of reduction is controlled by the parameter r, which can be xed based on the values of 0 and N. Figure 10 shows the plot of R(n) (ratio of E T (njH 1 ) to E(njH 1 )) versus the truncation limit N for the TSPRT. It indicates the savings in E T (njH 1 ) over E(njH 1 ) for various rates of convergence, r. Though, we gain in the ASN for TSPRT, the error ratio, R 1 (n) equal to 0 = increases with a decrease in the size of N (Figure 11 ). We also observe that E T (njH 1 ) and 0 approach the values E(njH 1 ) and of the SPRT for large N.
VI. Simulation Results
In this section, the use of SPRT in determining the region of operation of the ICs using the smallest average number of devices is analyzed. Since IC failure data is treated as proprietary information in industry, data synthesized using MATLAB is used to illustrate the applicability of the algorithm in IC failure analysis. In 15], the breakdown of the observed infant mortalities is classi ed according to the number of identi able failures due to substrate, oxide, metalization, interconnection, packaging and over-stressing. These failures occur because of oxide defects, particulates, masking defects and contaminants. In the early stages of manufacturing a new IC, the process parameters undergo a continuous re nement to eliminate these defects and improve the yield.
Burn-in arti cially ages the IC to screen die-related infant mortalities. The proposed SPRT is applied on the failure times of the ICs that have survived the burn-in. The outcome of the SPRT determines the e ectiveness of the burn-in using the least number of IC failures. If hypothesis H 0 is accepted, it indicates a transition from the DFR region to the CFR region during burn-in. Therefore, the burn-in period is su cient. On the contrary, insucient burn-in-period is indicated by the acceptance of H 1 .
The parameters of the burn-in process is tuned to obtain the optimal burn-in period using SPRT. For example, the temperature of the burn-in process can be increased when H 1 is accepted in order to increase the duration of the burnin. This technique can also be extended to other screening processes like high voltage stressing. A typical Weibull distributed failure time data for 1000 Integrated Circuits with = 1 and k 0 = 0:6 is shown in Figure 12 . Error probabilities, = = 10 ?2 were used for all the simulations. Figures 15 and 16 show the results of applying SPRT on data with k 0 = 0:8. In Figure 15 , the SPRT accepts the correct hypothesis, H 1 , by crossing the upper boundary. This indicates insu cient burn-in. Similarly, Figure 16 shows that the devices have undergone su cient burn-in. 
